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Abstract: In this paper, we investigate the arithmetic properties of ` -regular overpartition pairs. Let B`(n) denote
the number of ` -regular overpartition pairs of n . We will prove the number of Ramanujan-like congruences and innite
families of congruences modulo 3, 8, 16, 36, 48, 96 for B3(n) and modulo 3, 16, 64, 96 for B4(n) . For example,
we nd that for all nonnegative integers  and n , B3(3
(3n + 2))  0 (mod 3), B3(3(6n + 4))  0 (mod 3), and
B4(8n+ 7)  0 (mod 64).
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1. Introduction
An overpartition of a nonnegative integer n is a nonincreasing sequence of natural numbers whose sum is n ,
and where the rst occurrence of a number may be overlined. For example, eight overpartitions of the integer
3 are 3, 3, 2 + 1, 2 + 1, 2 + 1, 2 + 1, 1 + 1 + 1, and 1 + 1 + 1. Due to Corteel and Lovejoy [9], the







(1  qn) = 1 + 2q + 4q
2 + 8q3 + 14q4 + 24q5 + 40q6 +    : (1.1)
where p(n) denotes the number of overpartitions of n . Many mathematicians extensively studied the arithmetic
properties of p(n). For more information, see [12, 13, 17, 18, 23, 31].
An overpartition pair of a positive integer n was dened by Lovejoy [21] as a pair of overpartitions (; )
where the sum of all the parts is n . Lovejoy denoted the number of overpartition pairs of a positive integer n







(1  qn)2 = 1 + 4q + 12q
2 + 32q3 + 76q4 + 168q5 + 352q6 +    : (1.2)
Bringmann and Lovejoy [6] dened a rank for overpartition pairs to study the congruence properties of pp(n)
and they found many Ramanujan-type congruences for pp(n). For example, pp(3n+2)  0 (mod 3). For more
details on arithmetic properties of overpartition pairs one can see [8, 15, 19].
Correspondence: msmnaika@redimail.com
2010 AMS Mathematics Subject Classi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For a positive integer ` > 1, a partition is called `-regular if none of the parts are divisible by ` . Let










k; qk)1 and (a; q)1 :=
1Q
n=1
(1  aqn 1); jqj < 1:
The regular partitions have been studied by a number of mathematicians; see [10, 14, 16, 24, 27, 30].
Recently, Lovejoy [22] studied the function A`(n), which counts the number of overpartitions of n with
no parts divisible by ` , and Andrews [2] dened a new function Ck;i(n) as the number of overpartitions of n
in which no part is divisible by k and only parts  i (mod k) may be overlined. The generating function of





(qk; qk)1( qi; qk)1( qk i; qk)1
(q; q)1
; (1.4)
for k  3 and 1  i  k2  . With a note that A3(n) = C3;1(n). Andrews proved the following two congruences:
C3;1(9n+ 3)  C3;1(9n+ 6)  0 (mod 3): (1.5)
Chen et al. [7] and Ahmed and Baruah [1] proved many innite families of congruences of Ck;i(n) for
dierent values of k and i .
Following these works, more recently, Shen [25] proved a number of arithmetic properties of A`(n) and
gave a combinatorial interpretation for A3(9n+3) and A3(9n+6) being divisible by 3. Shen called A`(n) the












In this paper, we shall study the arithmetic properties of ` -regular overpartition pairs of n . An ` -regular













where B`(n) denotes the number of `-regular overpartitions of n .
We will prove the number of arithmetic properties of the partition function B`(n) for ` = 3; 4.
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2. Preliminary results





= ( a; ab)1( b; ab)1(ab; ab)1: (2.1)
The important cases of f(a; b) are





















f( q) := f( q2; q) =
1X
n= 1
( 1)nqn(3n+1)=2 = (q; q)1; (2.4)
and
( q) := (q; q2)1 = f1
f2
: (2.5)
The following dissection formula of Hirschhorn and Sellers [13] plays an important role in our work.


















Lemma 2.2 We have
 (q) = f(q3; q6) + q (q9); (2.8)
'(q) = '(q9) + 2qf(q3; q15); (2.9)
'(q)2 = '(q2)2 + 4q (q4)2: (2.10)
Proof For the proofs of (2.8) and (2.9), see [5, p. 49, Corollary]. Adding identities (v) and (vi) of [5, p. 40,
Entry 25.], we can easily get (2.10). 2
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Lemma 2.3 [3] For 1  k  7 , we have









where rk(n) denotes the number of representations of n as sum of k squares, and tk(n) denotes the number
of representations of n as the sum of k triangular numbers for nonnegative integers n and k .














Xia and Yao [29] proved (2.12) by employing an addition formula for theta functions.












































, we obtain (2.14). 2
3. Congruence results for B3(n)
In this section, we establish several congruences for B3(n).
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'( q9)4 + 4q2'( q9)2A(q3)2 + 16q4A(q3)4
+4q'( q9)3A(q3) + 8q2'( q9)2A(q3)2 + 16q3'( q9)A(q3)3 :
The lemma follows by extracting the terms involving q3n+j for j = 0; 1; 2. 2
Theorem 3.1 For all integers n  0 and   0 ,
B3(3
+1n)  B3(n) (mod 3); (3.5)
B3(3
(3n+ 2))  0 (mod 3); (3.6)
B3(3
(6n+ 4))  0 (mod 3); (3.7)
B3(3




n  f1f3 (mod 3): (3.9)
Proof For any prime p , we have
(q; q)p  (qp; qp) (mod p): (3.10)
It is easy to see that
'( q)3  '( q3) (mod 3): (3.11)







3) (mod 3): (3.12)




n  '( q3)'( q9)  2q'( q3)f( q3; q15) (mod 3); (3.13)
which implies that









n  '( q)f( q; q5) (mod 3): (3.16)
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Congruences (3.5) and (3.6) follow from (3.12), (3.14), and (3.15) and by induction on  .
From [4, Eq. (3.17)], we have









n   (q2)f(q2; q4) (mod 3);
which yields













and for any integer m  1, we have
f3m  f3m (mod 3): (3.20)











Congruence (3.9) follows from (3.20) and (3.21).




n  '( q)4 
1X
n=0
( 1)nr4(n)qn (mod 3); (3.22)
which implies that
B3(n)  ( 1)nr4(n) (mod 3):
Utilizing (2.11) in the above equation with k = 4, we obtain
B3(8n+ 4)  0 (mod 3): (3.23)
Congruence (3.8) follows from (3.23) and (3.5). 2
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Theorem 3.2 For any prime p  5 (mod 6) ,   1 , and n  0 , we have
B3(6p
2n+ (6i+ p)p2 1)  0 (mod 3); (3.24)
where i = 1; 2; :::; p  1 .







( 1)k+mqk(3k+1)=2+3m(3m+1)=2 (mod 3): (3.25)
Consider the congruence equation
3k2 + k
2







which is equivalent to
(6k + 1)2 + 3  (6m+ 1)2  0 (mod p):
Since ( 3p ) =  1 for p  5 (mod 6), we deduce that
6k + 1  6m+ 1  0 (mod p):
If p  1 (mod 6), then k  m  p  1
6
(mod p). Letting























If p   1 (mod 6), then k  m   p  1
6
(mod p). Letting





















By the above analysis, extracting the terms in which the powers of q are pn + p
2 1
6 from (3.25) and dividing
the resulting equation by q
p2 1












2n+ p2)qn  f1f3 (mod 3); (3.27)
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and for n  0,
B3(6p
2n+ 6pi+ p2)  0 (mod 3); (3.28)
where i is an integer and 1  i  p  1. Combining (3.27) and (3.9), we see that for n  0,
B3(6p
2n+ p2)  B3(6n+ 1) (mod 3): (3.29)
By (3.29) and mathematical induction, we deduce that for n  0 and   0,
B3(6p
2n+ p2)  B3(6n+ 1) (mod 3): (3.30)
Replacing n by p2n+ pi+ p
2 1
6 in (3.30) and using (3.28), we deduce that for n  0 and   0,
B3(6p
2+2n+ 6p2+1i+ p2+2)  0 (mod 3): (3.31)
Congruence (3.24) follows from (3.31). 2
Theorem 3.3 For all nonnegative integers  and n ,
B3(6  4+1n+ 2  4+1)  B3(6n+ 2) (mod 36); (3.32)
B3(6  4+1n+ 5  4+1)  0 (mod 36): (3.33)


















































































B3(24n+ 8)  B3(6n+ 2) (mod 36) (3.37)
and
B3(24n+ 20)  0 (mod 36): (3.38)
Congruences (3.32) and (3.33) follow from (3.37), (3.38), and induction on  . 2
Theorem 3.4 For any prime p  5 (mod 6) ,   1 , and n  0 , we have
B3(12p
2n+ (12i+ 2p)p2 1)  0 (mod 36); (3.39)
where i = 1; 2; :::; p  1 .




n  12f1f3 (mod 36): (3.40)
We omit the remaining part of the proof because it is exactly similar to the proof of (3.24). 2
Theorem 3.5 For all integers   0 and n  0 ,
B3(3  4+1n+ 11  4)  0 (mod 48); (3.41)
B3(24n+ 14)  0 (mod 48); (3.42)
B3(24n+ 23)  0 (mod 96); (3.43)
B3(48n+ 14)  0 (mod 96): (3.44)
Proof By mathematical induction it is easy to see that
f2m  f2m (mod 2); (3.45)
f22m  f4m (mod 22); (3.46)
f42m  f8m (mod 23): (3.47)












n (mod 96); (3.48)
which implies that
B3(3n+ 2)  12A3(n) (mod 96); (3.49)
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where A3(n) denotes the number of bipartitions with 3-cores of n . Congruence (3.41) follows from Theorem
2.3 of [20]. Congruence (3.43) follows from Theorem 2.6 (Eq. 2.16) of [20]. Finally, congruences (3.42) and
(3.44) follow from Theorem 1.5 of [28]. 2
Theorem 3.6 For all nonnegative integers  and n ,
B3(4  32+2n+ 32+2)  B3(4n+ 1) (mod 24); (3.50)
B3(4  32+2n+ 7  32+1)  0 (mod 24); (3.51)
B3(4  32+2n+ 11  32+1)  0 (mod 24): (3.52)



























































































































  (q)2 (mod 22): (3.60)




n  4 (q)2 (mod 24): (3.61)









n  4 (q3)2 (mod 24); (3.63)
which yields
B3(36n+ 9)  B3(4n+ 1) (mod 24); (3.64)
B3(36n+ 21)  0 (mod 24); (3.65)
and
B3(36n+ 33)  0 (mod 24): (3.66)
Congruences (3.50), (3.51), and (3.52) follow from (3.64), (3.65), (3.66), and induction on  . 2
Theorem 3.7 For any prime p  3 (mod 4) ,   1 , and n  0 , we have
B3(12p
2n+ (12i+ p)p2 1)  0 (mod 24); (3.67)
where i = 1; 2; :::; p  1 .













 f21 (mod 4): (3.69)




n  4f21 (mod 24): (3.70)
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( 1)k+mqk(3k+1)=2+m(3m+1)=2 (mod 24): (3.71)










which is equivalent to
(6k + 1)2 + (6m+ 1)2  0 (mod p):
Since ( 1p ) =  1 for p  3 (mod 4), we deduce that
6k + 1  6m+ 1  0 (mod p):
If p  1 (mod 6), then k  m  p  1
6
(mod p). Letting























If p   1 (mod 6), then k  m   p  1
6
(mod p). Letting





















By the above analysis, extracting the terms in which the powers of q are pn + p
2 1
12 from (3.71) and dividing
the resulting equation by q
p2 1












2n+ p2)qn  4f21 (mod 24); (3.73)
and for n  0,
B3(12p
2n+ 12pi+ p2)  0 (mod 24); (3.74)
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where i is an integer and 1  i  p  1. Combining (3.73) and (3.70), we see that for n  0,
B3(12p
2n+ p2)  B3(12n+ 1) (mod 24): (3.75)
By (3.75) and mathematical induction, we deduce that for n  0 and   0,
B3(12p
2n+ p2)  B3(12n+ 1) (mod 24): (3.76)
Replacing n by p2n+ pi+ p
2 1
6 in (3.76) and using (3.74), we deduce that for n  0 and   0,
B3(12p
2+2n+ 12p2+1i+ p2+2)  0 (mod 24): (3.77)
Congruence (3.67) follows from (3.77). 2
Theorem 3.8 For all nonnegative integers  and n :
B3(4  3+1n+ 2  3+1)  B3(4n+ 2) (mod 23); (3.78)
B3(4  3+1n+ 10  3)  0 (mod 23); (3.79)
B3(48n+ 2) 
(
4 (mod 23); if n = Pk;
0 (mod 23); otherwise:
(3.80)
B3(12(4n+ i) + 2)  0 (mod 23); (3.81)
where i = 1; 2; 3 and Pk is either of the generalized pentagonal numbers k(3k  1)=2 .





















































 4 (q) (q3) (mod 23): (3.82)




n  4(f(q3; q6) (q3) + q (q3) (q9)) (mod 23); (3.83)
which yields
B3(12n+ 6)  B3(4n+ 2) (mod 23); (3.84)
B3(12n+ 10)  0 (mod 23): (3.85)
768
NAIKA and SHIVASHANKAR/Turk J Math
Congruences (3.78) and (3.79) follow from (3.84), (3.85), and induction on  .




n  4 (q)f(q; q2) (mod 23): (3.86)
Using the denitions of  (q) and f(q; q2), we see that





 f4 (mod 2): (3.87)




n  4f4 (mod 23): (3.88)
Congruences (3.80) and (3.81) follow from (3.88). 2
4. Congruence results for B4(n)
In this section, we prove several congruences for B4(n).
Theorem 4.1 For any nonnegative integer n :
B4(12n+ 2)  0 (mod 3); (4.1)
B4(12n+ 4)  0 (mod 3); (4.2)
B4(12n+ 8)  0 (mod 3); (4.3)
B4(12n+ 10)  0 (mod 3); (4.4)
B4(12n+ 7)  0 (mod 96); (4.5)
B4(12n+ 11)  0 (mod 96); (4.6)
B4(36n+ 15)  0 (mod 96); (4.7)
B4(36n+ 27)  0 (mod 96): (4.8)



















4)3 + 2q'(q4)2 (q8) + 4q2'(q4) (q8)2 + 8q3 (q8)3)2:
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n  q  (q
6)2






'( q3)2 (mod 96): (4.16)
Equating the coecients of q3n+1 and q3n+2 of (4.14), we obtain the congruences (4.2) and (4.3). Extracting
the terms containing q3n and q3n+2 from (4.15), we arrive at (4.1) and (4.4). Similarly, equating the coecients
of q3n+1 and q3n+2 of (4.16), we obtain the congruences (4.5) and (4.6).










Congruences (4.7) and (4.8) follow from the above equation. 2
Theorem 4.2 For all integers   0 and n  0 ,
B4(8n+ 7)  0 (mod 64); (4.17)
B4(8  72n+ 3  72)  B4(8n+ 3) (mod 64); (4.18)
B4(8  72+2n+ j  72+1)  0 (mod 64); (4.19)
where j 2 f5; 13; 29; 37; 45; 53g .
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qn  f92 (mod 2): (4.21)
















qn   (q)3 (mod 2): (4.23)
From Entry 17(iv) on page 303 in Berndt's book [5], we have the 7-dissection
 (q) = f(q21; q28) + qf(q14; q35) + q3f(q7; q42) + q6 (q49): (4.24)





qn  (f(q21; q28) + qf(q14; q35) + q3f(q7; q42) + q6 (q49))3 (mod 2):
After simplication, extracting the terms containing q7n+4 from both sides of the resulting equation, we get
1X
n=0
B4(8  7n+ 8  4 + 3)
32
qn  q2 (q7)3 (mod 2);
which implies that
B4(8  72n+ 8  18 + 3)  B4(8n+ 3) (mod 64); (4.25)
and
B4(8  7(7n+ i) + 8  4 + 3)  0 (mod 64) (4.26)
for i = 0; 1; 3; 4; 5; 6:
Congruences (4.18) and (4.19) follow from (4.25), (4.26), and induction on  . 2
Theorem 4.3 For all nonnegative integers  and n :
B4(4  32+2n+ 32+2)  B4(4n+ 1) (mod 24); (4.27)
B4(4  32+2n+ 7  32+1)  0 (mod 24); (4.28)
B4(4  32+2n+ 11  32+1)  0 (mod 24): (4.29)
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n  4 (q)2 (mod 24):
Substituting (2.8) in the above equation, simplifying, and extracting the terms of the form q3n+2 from both




n  4 (q3)2 (mod 24);
which implies that
B4(36n+ 9)  4B4(4n+ 1) (mod 24); (4.32)
B4(36n+ 21)  0 (mod 24); (4.33)
and
B4(36n+ 33)  0 (mod 24): (4.34)
The theorem follows from congruences (4.32), (4.33), and (4.34) and by induction on  . 2
5. Congruence result for B5(n)
In this section, we establish one congruence relation for B5(n).
Theorem 5.1 For each nonnegative integer  and n , we have
B5(5
n)  B5(n) (mod 5): (5.1)







Following (3.10), it is easy to see that
'( q)5  '( q5) (mod 5): (5.3)
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n  '( q)8 
1X
n=0
( 1)nr8(n)qn (mod 5): (5.4)
From [26, Lemma 3], for any p  3, we have
r8(pn)  r8(n) (mod p3): (5.5)
The theorem follows from (5.4) and (5.5) with p = 5. 2
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